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A Linearized Theory for Swirling Supersonic Jets
and Its Application to Shock-Cell Noise

P.W. Carpenter*
University of Exeter, Exeter, England

A linearized theory is developed for underexpanded inviscid supersonic jets with arbitrary initial swirl. The radial
displacement of a given streamline from its position at the nozzle exit is used as the dependent variable. The
governing equation is fairly complicated and has to be solved numericaily by the method of characteristics. A
simple expression for the wavelength of the primary shock cell is derived. The linearized theory is used to extend
some of Howe and Ffowes Williams® theoretical results for shock-associated rioise to swirling supersonic jets. In
this way, estimates are made of the effect of swirl on the total radiated sound power of shock-associated noise. It is
found that for a certain type of swirl the shock-associated noise can be greatly reduced, or even eliminated, for
sufficiently high swirl levels. This can be achieved at the expense of a very small thrust loss.

Nomenclature

= local speed of sound -

= critical speed of sound

= see Eq. (42)

= width of mixing layer

= stagnation enthalpy

= peak frequency

= see Eqgs. (15) and (16) for i=1
and 2, respectively

= w,/a,

=q;/a;

=wy/a,

= static pressure

= stagnation pressure

= mean square pressure fluctuation in far field
= energy flux from coherent field
into random field in mixing layer

= component of P, see Eq. (41)

= component of P, see Eq. (44)

P, = total energy flux of radiated sound
in moving reference frame

P = total sound power

q = velocity vector

0 =qy/ax

r = radial coordinate of a given streamline

n = radial coordinate of a given streamline
at nozzle exit

R = radius of a large sphere centered
at nozzle exit

R;, R, = radial coordinate of inner and outer edge of
mixing layer, respectively

R,  =nozzle exit radius

t = time

u, v, w = radial, swirl, and axial velocity

components, respectively

*
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.

U =u/a,
vV =v/a,
w, = axial component of eddy convection velocity
|14 =w/a,
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z = axial coordinate

2z, =Z—w.

Y = ratio of specific heats

s8U =U-U,

8V =V-V,

8W = W - Wb

A =r—-n

Ap, = pressure difference between nozzle
lip and ambient

€ = WbJ — u/;!x

€r = V(&) /ap,

$, = nondimensional core radius of
inner-biased swirling (IBS) flow

$x = nondimensional core radius of

outer-biased swirling (OBS) flow
= angle of observation, see Fig. 4
= peak noise angle
= wavelength of primary shock cell
= circulation density along mixing layer
= density
= stagnation density
= azimuthal coordinate
= vorticity in mixing layer
) = coherent field variable
Y = random field variable
» = ensemble average of turbulent fluctuations
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Subscripts

= ambient conditions

= basic unperturbed flow

= conditions at nozzle lip

= conditions on jet boundary
= nozzle exit conditions

= no swirl

O = N o

I. Introduction

HEN a supersonic nozzle flow is underexpanded, i.e.,

the exit pressure exceeds the ambient pressure, a char-
acteristic pattern of shock cells is formed. This is depicted in
Fig. 1. Several noise generation mechanisms involving these
shock cells have been postulated and, in some cases, investi-
gated experimentally. These include screech, noise arising
from instabilities of the turbulent jet, and shock-associated
noise.
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Screech, as shown by Powell,! is essentially caused by
acoustic feedback. The turbulent eddies interact with the
shock waves at the end of the shock cells, generating sound
waves that propagate upstream in the ambient medium and
trigger the release of a new eddy at the nozzle exit. This
produces an intense sound consisting of discrete tones only.
Screech is not usually observed in hot jets. Tam* postulated a
mechanism for broadband noise whereby waves generated by
the shock-cell structure propagate downstream and give rise to
instabilities in the main part of the turbulent jet downstream
of the potential core.

Shock-associated noise is also generated by the interaction
of the turbulent eddies with the quasiperiodic shock-cell struc-
ture. Unlike screech, however, it has a broadband but strongly
peaked sound field. Harper Bourne and Fisher® have investi-
gated this noise experimentally. They have also developed a
successful semiempirical theory for the phenomenon. More
recently, Howe and Ffowcs Williams® have presented an
ingenious analytical theory for shock-associated noise. The
main purpose of the present paper is to show how some of
their results may be extended to supersonic swirling jets.

Howe and Ffowcs Williams model the shock-cell structure
by adapting certain results obtained from the linearized theory
for supersonic jets. So, in order to extend their theory to
swirling jets, it is necessary first to develop a linearized theory
for inviscid swirling jets. Section II of this paper is devoted to
a presentation of such a theory. In Sec. III, this theory is used
to predict the effect of swirl on the total sound power of
shock-associated noise. The theoretical results and their impli-
cations are discussed in Sec. IV. The main conclusions and
results are summarized in Sec. V. It is found that, for a certain
type of swirl, shock-associated noise may be greatly reduced,
or even eliminated, at the cost of no more than a 1-2% thrust
loss.

II. Linearized Theory for Supersonic
Swirling Jets

Choice of Perturbation Variables

The well-known linearized theory due to Prandtl® and Pack®
uses a velocity potential as the perturbation variable. Since
swirling flows are, in general, rotational, a velocity potential
can no longer be used. In principle, a stream function  could
be used. However, in practice, the swirl distribution would be
given at the nozzle exit and there would be practical difficul-
ties in expressing this initial swirl profile as a function of ¢.
For this reason, the quasi-Lagrangian coordinates introduced
by Carpenter and Johannesen’ are used. To be specific, the
radial displacement A of a given streamline from its initial
radial position r; is used as the dependent variable, with r,
and the axial distance z downstream from the nozzle exit as
the independent variables. Thus, z is analogous to time in a
one-dimensional Lagrangian coordinate system. The coordi-
nate system adopted for the linearized theory is illustrated in
Fig. 2.

Nozzle Exit Conditions and Basic Unperturbed Flow

Let us assume that the swirl is produced by means of
stationary vanes. This implies that, to a good approximation,

EDGE OF JET

SHOCK - WAVE SYSTEM
FAN OF EXPANSION WAVES
NOZZLE

Fig. 1 Shock-cell structure.
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the entropy and stagnation enthalpy will be constant
throughout the jet flow. Consequently, the Crocco vorticity
equation reduces to

gXcurlg=0 (1)
where ¢ is the velocity vector.

For an axisymmetric swirling flow the three components of
Eq. (1) are given by

o 23w it o

dz dr ar
du  ow\ v 3(r)
”(E‘ar)"r dz ()
rv = const along a streamline (4)

where (u,v,w) are the components of ¢ in the (r,¢,z)
directions.

At this point, it is convenient to introduce the nondimen-
sional velocity components

U=u/a,, V=v/ay,, W=w/a, (5)

where a, is the critical speed of sound.

Let us assume that the flow at the nozzle exit is equivalent
to an inviscid swirling flow in an infinitely long pipe of
circular cross section. In this case, integration of Eq. (2) gives

1

V. d(Vr’) :
2 g [Fv e BN g 6
e ‘[r v dr E ©)

where suffix x denotes conditions at nozzle exit and W, =
W.(Ry). Thus, if W, and V, are given, the axial velocity
profile at nozzle exit can be determined from Eq. (6).

For supercritical flow in a convergent-divergent nozzle, the
value of W, depends on the ratio of the nozzle exit and

L A/2 '

| i
JET BOUNDARY Pp=P,

LEADING CHARACTERISTIC
NOZZLE“/ PRGN
EXIT \STREAMLINE /, ~

NVELOPE —r
v e
S S - -

JET AXIS

Fig. 2 Coordinate system for supersonic jet.
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Fig. 3 Characteristics in the (#;,z) plane: a) nonswirling axisymmet-
ric flow; b) swirling flow.
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throat areas. The actual determination of W,, is fairly in-
volved and is explained in Refs. 7 and 8.

For a convergent nozzle, it is somewhat simpler. In this
case, as explained in Refs. 7, 9, and 10, W, is set equal to the
local speed of sound. By means of the isentropic flow rela-
tions, we can then derive the following simple result:

IRRY
%x=(1——1—+—1m) (7)

where y is the ratio of the specific heats. Equation (7) is
equivalent to Eq. (29) of Ref. 9.

We now need to choose the basic unperturbed flow. For a
nonswirling jet, Pack® chose a basic flow with a uniform axial
velocity equal to the constant velocity on the jet boundary. It
is desirable to extend this approach to the swirling jet. So,
denoting the properties of the basic flow by use of the suffix b,
the undisturbed swirl velocity ¥, is chosen as

V=V, (8)

and, in a similar fashion to Eq. (6), the axial velocity is given
by

v, d(V,rf i
W,= Q}—Vb3+2/"”*”(—“ldrf (9)
bs

4 '
1 N dr{

where O =\|g|/a, and suffix J denotes conditions on the jet
boundary, i.e., at r; = Ry. Equations (8) and (9) imply that

Vir + W =0} (10)

which shows that Egs. (8) and (9) represent the appropriate
extension of Pack’s basic flow.

Velocity Perturbations in Terms of A
If higher-order terms are systematically neglected, the radial

and swirl velocity perturbations are readily obtained. From
the definition of a streamline we obtain
U=W,04/3z (11)
Use of Eq. (4) leads to
V=V-V,=-V,A/m (12)

The application of continuity to a stream tube gives

pWrdr=p W,r,dr, (13)

where p is the density.
By use of Eqg. (12) and systematic neglect of higher-order
terms, Eq. (13) can be rearranged to give

dA

_ F
SW=Ww- Wb——rlA—FZarl—e (14)
where
_ ey — WV, ( Ao,/ 3V,)
Y eyt W, (9p,/3W,) (15)
oW,
F, = 16
: Pyt Wh(apb/aWb) ( )
and
€= WbJ - I/Vex (17)
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By using the isentropic flow relations, it can be shown that

av, (y+DA W, (y+1DA
where
vy—1
A= ——Y+1(W,,2+ v2) (19)

Derivation of Governing Equation

The nondimensional axial velocity difference ¢ at the nozzle
lip may be regarded as the fundamental small parameter. In
essence, the governing equation is derived from Eq. (2) by
changing variables from (r, z) to (r,,z) and neglecting terms
of O(€*). Carrying out this procedure transforms Eq. (2) to

U _ ow | Vo d(nV,) |( 9n
" dz [Warl * r? dn ( ar )2 (20)
Now

) _140 21

) —1roco (a)
It follows also from Eq. (9) that

aw,  Vyn d(Vyn)
7, dr, 2 dn (22)

Recalling that r=r + A, using Egs. (11), (21), and (22),
and neglecting terms of @(e?), Eq. (20) becomes

2074 W(?W W, _ 2V,n d(Vyr1) A (23)

- A T
922 ar, an " dr,

Finally, after setting W= W, + 8W, substituting for 8§
from Eq. (14), neglecting terms of ¢(€?), and a certain amount
of algebraic manipulation and rearrangement, Eq. (23) be-
comes

a1 (82A+F33_A_§

— Al-F=0 (24
dz? M>-1 ) > (24)

at n an rg
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Fig. 4 Model problem for shock-cell noise.
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where
Mw(rl) =W,/a,

F  n dWFE)

Ry = - (M- )| o+ 2 AL
b

w

F4("1)= _(M»%_l)
2
od (A
X|:VVI) drl(r1)+

E(n)=

nkF dw, %d(erb)
wE dn w2 dn

€ . d( Vhrl)z
2w dn

Boundary Condition on Jet Boundary

The pressure must remain constant on the jet boundary
where r| = R . This implies that

W2+ Vi=W2+V2atrn=R, (25)

Using Eqs. (12) and (14) and neglecting terms of @(e?), Eq.
(25) becomes

JA
(Vh21+ WbJFI)AJ+ WbJF2( 8rlj) +eW,=0 (26)

Solution of Governing Equation

The governing equation (24) is fairly complicated and there
seems little prospect of an analytical solution. However, no
special difficulties are involved in integrating the equation
numerically by means of the method of characteristics. Since
the equation is linear, the characteristics are known a priori
and are given by

dz/dn = +(M2 - 1) (27)

For swirling flow, M,, varies across the jet so the characteris-
tics are curved. This is illustrated in Fig. 3 where the swirling
and nonswirling cases are compared.

One important result can be obtained immediately by in-
spection of Fig. 3. It follows from geometrical considerations
that the wavelength of a shock cell in a swirling jet is given by

>\=4RN/(;1(MEV—1)%dr1 (28)

There may be some doubt as to whether the factor 4 is the
correct choice in Eq. (28). This point can be resolved by
noting that the characteristic AB in Fig. 3a represents an
expansion fan that should reflect from the axis of symmetry as
another expansion BC. BC should then reflect from the jet
boundary as a compression wave. This suggests that the basic
wavelength of the pressure field is indeed given by Eq. (28).
Actually, matters are not quite that straightforward. The per-
turbation velocity U tends to infinity as B is approached along
AB. Moreover, characteristics BC and CD are lines of loga-
rithmic singularities in U. Nevertheless, Fig. 1 of Grabitz!!
clearly shows that the wavelength of the pressure field is given
by Eq. (28) in a nonswirling jet. The discrepancy with Pack’s®
formula for A is also similarly explained. Pack defined the end
of the primary shock cell as coinciding with the first minimum
in the jet boundary. It turns out that this minimum does not
correspond to any significant feature of the pressure field.
These matters are discussed more fully in Ref. 12 for the
nonswirling case. When swirl is present, the essential features
remain unchanged, but with curved (rather than straight)
characteristics.
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III. Theory for Shock-Associated Noise

The object of the theory presented in this section is limited
to the prediction of the effects of swirl on the peak frequency
and total radiated sound power of shock-associated noise. It is
achieved by adapting some of Howe and Ffowcs Williams’
results to deal with a supersonic swirling jet.

For present purposes, the theory as set out in Ref. 4 can be
considered to consist of three main steps:

1) A model problem is defined in a moving reference frame
in which the shock-cell pattern moves upstream and interacts
with frozen turbulent eddies instead of the real situation
where the eddies are convected downstream and interact with
a stationary shock-cell pattern.

2) Equations for the acoustic variables are derived and
solved for the model problem.

3) The results for such quantities as mean square pressure
fluctuation in the far field and sound power have to be
transformed back to the real coordinate system. In Ref. 4,
these steps are by no means similar in magnitude, i.e., step 2
requires a great deal of detailed analysis. Fortunately, it turns
out that the limited goals of the present paper can be realized
without significant modification of much of this analysis.

Definition of Model Problem

The idealization assumed for the turbulent mixing layer in a
swirling jet is described below. The mixing layer is assumed to
be at constant density p,, and to be confined to a thin region
of constant thickness » having an inner radius of R; and an
outer radius of R,. (See Fig. 4.) The turbulent eddies are
modeled by a continuum of vortex rings of radius R, which
are simultaneously rotating at an angular velocity v,; /Ry and
being convected downstream at velocity w,. According to the
experimental data of Harper Bourne and Fisher,” w,=~0-7
wy, for a cold nonswirling supersonic jet. In the absence of
any other information, this value is assumed to hold for both
cold and hot swirling supersonic jets.

The analysis is carried out in a reference frame in which the
turbulent eddies are stationary, i.e., the turbulence is frozen.
Thus, a new coordinate system (r,, ¢, z;) is defined such that

dr=b—0v,1/Ry, zy=z2-wt (29)

The shock-cell pattern along with the ambient medium is
now conceived to be moving to the left at velocity w, and
simultaneously rotating with angular speed v,;/R,. The flow
in the potential core is moving to the right at velocity (w, — w,)
and rotating at variable angular speed (v,/r, —v,;/Ry).

In this new coordinate system, the stationary turbulent
eddies are represented by a vorticity distribution of the form,

w=£§(z)8(n—Ry)e, (30)

where 8(x) is the Dirac delta function and &, a unit vector in
the azimuthal direction. The circulation density § is assumed
to be a stationary random function of z; with zero mean.

In terms of the moving coordinate system, the jet boundary
now becomes a perturbation pressure wave of the form

p= -APEH(21+W('Z) (31)

where A p, is the difference between the pressure at the nozzle
lip and ambient and H(x) the Heaviside step function.

The interaction of the turbulent eddies and the shock-cell
structure results in the gradual decay of the latter with dis-
tance downstream of the nozzle exit. With the original coordi-
nate system, it is not really feasible to attempt to calculate the
corresponding rate of energy transfer to the random sound
field. However, in the moving reference frame, it is fairly easy
to make an estimate of the total rate of energy transfer to the
random field in the mixing layer. Since the turbulence is
independent of time in this reference frame, it follows that all
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this energy is converted into sound and trapped internal
waves.

Energy Flux into Random Disturbances
Following Ref. 4, the stagnation enthalpy

B=p/p+3lq (32)

is adopted as the fundamental acoustic perturbation variable.

For present purposes, the approximate solution to the model
problem may be considered as involving two small parame-
ters: one is a measure of the nondimensional pressure dif-
ference, say the € introduced in Eq. (17); the other represents
a turbulent Mach number, say

€T=\/<£2>/abj (33)

where the angle brackets denote an average over an ensemble
of realizations of the turbulent fluctuations. Note that the
limit €, — O implies that the mixing layer width b — 0.

The perturbation field variables are formally partitioned
into a coherent and a random part, e.g.,

p(r,z,0) = pe(n) =p(r,z,t) +p'(r,2,1) (34)

Analogous expressions for the velocity components and stag-
nation enthalpy are also introduced. (Note that the perturba-
tions are relative to the basic undisturbed state, as defined in
Sec. II, transformed to the moving coordinate system.) The
overbar in Eq. (34) denotes the coherent or mean component
of the field defined as the average with respect to an ensemble
of realizations of the turbulent fluctuation §. For ¢ and
er— 0, the coherent field is given by the linearized theory
outlined in Sec. II. Primed quantities, such as p’ in Eq. (34),
represent the random fluctuations about the mean state result-
ing from the interaction of the coherent shock-cell structure
and the turbulent eddies.

An integral energy equation for the random field within the
mixing layer takes the form [see Eq. (7.15) of Ref. 4] of

a 1 2
E/E(Pw@l'%*’ (p 2> )d0+¢PbJ<BI‘I'>'"dS=P
Prs@hy (35)

where do is a volume element, dS an areal element on the
surface of the mixing layer, n the unit normal directed out-
ward from the mixing layer, ¢’ the magnitude of ¢/, and

P=‘_[Phj<‘1"°’/\‘i>d° (36)

The first term on the left-hand side of Eq. (35) represents
the rate of change of the mean energy associated with the
random field within the mixing layer. The surface integral
represents the net flux of random energy passing from the
mixing layer as sound radiated into the ambient medium or
internal waves trapped in the potential core of the jet. The
term P on the right-hand side of Eq. (35) represents the source
of energy for the random field in the mixing layer. It stems
from the interaction between the coherent field g, the turbu-
lent fluctuations w, and the random field ¢’, which brings
about an energy transfer from the coherent field to the ran-
dom scattered disturbances.

Howe and Ffowcs Williams showed that P can be rewritten
in the form

o0 p—
pP= "ZWRNPI;J_[ (#B),=r,dz, (37)
-0

which can now be seen to represent explicitly the energy flux
from the coherent field into the mixing layer.
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Now for 56— 0,

B=B- Bh=B‘Pb/Pb_%(Wb"Wc)2
=p/pp+ (W, — W)W (38)
But for ¢ —» 0, p and w are given by linearized theory, so
P=—pp(ww +0,0) (39)

In the limit € —» 0, W and ¥ are identical to a, 8W and a, 8V,
respectively. Thus, using Eq. (12) to substitute for 7 in Eq.
(39) and then substituting Eq. (39) for p in Eq. (38), allows
Eq. (37) to be written as

P=-27R " [ (@) -,d
= — 4T —_ U, n=R.QAZ
NPbs PorWar - o P ) =R, dZy

(52), 0 &

The evaluation of the two integrals on the right-hand side of
Eq. (40) will now be considered.

In the limit as ¢, — 0, R, > R, and p takes the form of
the step function in Eq. (31). So the only difference between
the swirling and nonswirling cases would be the value of Ap,.
On the other hand, provided ¢ is small, typical distributions of
normal velocity # along the jet boundary take the form shown
in Fig. 5. Most of the difference between the # distributions
for the swirling and nonswirling cases can be accounted for by
the reduction in Ap, that occurs with swirl. However, some
differences in shape may be discerned. The dominant feature
in all cases is the existence of a logarithmic singularity!! at
z = 3A (additional singularities occur at z=3/2X,5/2X,...).
For small but finite €, the distributions W (i.e., —5/p,w,)
and % along r, = R, are shown schematically in Fig. 5. It is
clear from Fig. 5 that the value of the integral in the first term
on the left-hand side of Eq. (40), viz.,

w,\ o,
Py = _2'”RN(W_M)'/; (#p)r=r,dz, (41)

is heavily dependent on the behavior of # in the neighborhood
of the singularities at z=2MA/2, etc. Let us assume that near
z=A/2,

i~ eAln|\/2 ~ z| (42)

A and A will vary with the degree and type of swirl. It is now
argued that to a good approximation

P, AAAp, Aw,
= 43
()~ (Addp,Bw,), (43)

where (), denotes nonswirling flow.
Since the second term of Eq. (40), viz.,

w, <]
P, = —2aRyp,, v} (1— )
2 NFbJYbJ wa '/-—oo

( iIA) dz;  (44)
n n i
is O(v3,), it is likely to be small compared to P,. Therefore, to
an acceptable approximation, Howe and Ffowcs Williams’
expressions for # and A may be used [i.e., Egs. (26) and (10),
respectively, of Ref. 4]. Then a fairly similar procedure to that
used in Ref. 4 to evaluate the integral in P, may be used to
obtain

_ >\4(Al7e)2 - i i“ (45)

o [ 7A
f n = 3 2 .
oo\ M1 [ n=ry 256 TR Py Wiy n=1 Jon



DECEMBER 1985

where j,, is the nth positive zero of the Bessel function J;(x).
The infinite sum in Eq. (45) is approximately equal to 0.0312.
Using the expression for (P;), given as Eq. (2.31) of Ref. 4
leads to the following estimate:

P, 0.0312>\2( Vs )2(M _ 1) On)o(Ap) (46)

B ¢ wa[(Ape)z]()

(P)y 4 ]
Since Ap, falls with an increase in swirl, P, seldom makes a
significant contribution to P.

Whs

Estimate for Total Radiated Sound Power

Let dP,(8) denote the energy flux of the sound radiated
through an elementary control surface (dS=27R*sinddf)
that is fixed relative to the ambient medium and occupies the
sector (#,d8) of the surface of a large sphere of radius R
centered on the jet axis. In the model problem, the ambient
medium is in motion, so there are two contributions to d P,.
First, there is the work done on dS by the fluctuating pres-
sure; this is given by (p*/p,a,)dS, where p* is the square
fluctuating pressure and suffix a denotes the ambient medium.
The acoustic energy density is p>/p,a,, so the second contri-

bution is given by wcosf(p>/p,a,)dS, which represents the
flux of acoustic energy through dS. The rotational velocity is
tangential to dS and therefore convects no acoustic energy
through dS: The two contributions may be added and in-
tegrated to give

2 e
T
pa a 0

where M,=w,/a,.
In the actual coordinate system, the ambient medium is at
rest, so the total sound power radiated into free space is given

Vex= 0-0

® CALCULATIONS USING PACK'S6 THEORY
A, /R, ;—‘@K

AT

01

/ .
[ \\\

|

[TRNAN

[

/

L

| T

A

o 10 2-0

Z/Ry

Fig. 6 Jet boundaries for OB swirling flow ({* =08, M,=14,
y=14).

0-3

i
I o

00

T 2s | a—
Ea—
0

Z/Ry

® CALCULATIONS USING PACK'S® THEORY |

e

I

Fig. 7 Normal velocity variation along jet boundary ({* = 0.8, M, =
14, y=14).
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by

j - fo "p2sind Ao (48)

To estimate P,./P,, we make the crude approximation that
p?=const (6>4,)
=0(0<6,) (49)

where 6, is the peak radiation angle. This approximation is
roughly in accordance with experimental observations.>* Using
Eq. (49) with Egs. (47) and (48), we find that

P, ™
— = | sinfdé 1— M cos)sind dbé
P, fgp /fap( cosf )sin

={1+Masin2(%)]—l (50)

P, can be expected to constitute a fairly high proportion of
the energy flux P transferred from the coherent field into the
mixing layer. Even that portion of P converted into random
internal waves is not completely lost, since some of it is
converted to radiated sound after multiple scattering. A cer-
tain proportion of energy is lost owing to the dissipation of
the random internal wave modes. Therefore, let

P,=KP (51)

where the factor of proportionality is expected to be a large
fraction. If we assume that K is the same for swirling and
nonswirling flows, then recalling that P= P, + P, and using
Egs. (50) and (51) we obtain an expression for the ratio of the
total sound powers with and without swirl, viz.,

P [1+Masin2(0p/2)]o_. P+ P
(Pr)o [1+M,sin?(8,/2)] (P

(52)

Peak Radiation Angle and Frequency

In Ref. 4 equations are derived and solved for B and B’.
This leads to an expression for p®. Within the mixing layer,
provided it is thin, the equations for B and B’ are identical in
form for swirling and nonswirling flows. In fact, the only
differences between the two cases are the fall in W, (and,
hence, reduction of Ap,) and the change in form of # with
swirl. The expression for p? is dominated by the singularities
in #, which can be dealt with in a way similar to that above.
To determine p? for swirling jets, the changes outlined above
are made and Eq. (10.15) of Ref. 4 evaluated. It turns out that
6, changes very little with swirl (sce Table 1) and that the
directivity patterns remain fairly similar in shape.

For nonswirling flow, the noise spectra are characterized by
a series of peaks, the first of which is given approximately by

£, =w./[ ML= M,cost]] (53)

This agrees with the semiempirical result of Ref. 3. In view of
the above discussion, the spectrum shape would not be ex-
pected to change much for swirling flow, so Eq. (53) should
still hold. But, since w, falls with swirl, fp will change to some
extent.

1V. Discussion of Results
In any comparison of flow characteristics with and without
swirl it has to be decided what to keep constant. In what
follows, the back pressure ratio p,/p, is kept fixed since this
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Table 1 Effect of degree and type of swirl on various noise and jet characteristics
b,
Type of flow V.  deg PP, 4 Mo P/(P),  f,D/W,
Nonswirling 0.0 71 0.0 0.500 1.000 1.000 0.792
Outer-biased swirl, {* = 0.8 0.20 71 —0.0001 0.486 1.002 0.909 0.755
0.40 76 ~0.0003 0.459 1.011 0.603 0.758
0.60 76 —0.0005 0414 1.025 0.270 0.664
0.80 75 —0.0004 0.338 1.042 0.037 0.563
Solid-body rotation, {* = 0.0 0.20 77 —0.0001 0.486 1.014 0.918 0.765
0.40 76 —0.0003 0.444 1.056 0.508 0.721
0.60 76 —0.0005 0.381 1.122 0.167 0.606
0.80 75 —0.0004 0.263 1.209 0.033 0.485
Inner-biased swirl, {. = 0.8 0.20 77 —0.0001 0.483 1.029 0.927 0.755
0.40 76 —0.0003 0.427 1.110 0.514 0.690
0.60 76 —0.0005 0.275 1.238 0.217 0.549
0.80 75 —0.0004 0.101 1.414 0.015 0.414
— 0BS 7 ] This represents a swirling flow with a core of radius {.R,, that
—~-— SBR ! is in solid-body rotation; outside the core there is free-vortex
-——- IBS ! flow, termed® inner-biased swirling (IBS) flow. The properties
10 10 - - ]
] b of supercritical nozzle flows with these types of swirl are
\ / B discussed in Refs. 8-10.
Pr / ! £ Calculations of three different types of swirling flow were
(Prlo / carried out by using the linearized theory described in Sec. II.
\\1\ // g The three types considered were solid—-body' rotation (SBR),
+— i Q i.e., an OBS flow with {* = 0, an OBS flow with {* = 0.8, and
X / & an IBS flow with {_ = 0.8. The Mach number, M, = ¢,/a,, on
M\ ‘/’/7 the jet boundary was set equal to 1.4. The nozzle was assumed
T\ OX 4 to be convergent so that the axial velocity at exit was given by
/ >(?\\ z Egs. (6) and (7). Jet boundaries for the OBS flow are presented
PPN 9_ in Fig. 6 for various swirl levels and the corresponding normal
i N 7 Q velocity distributions are presented in Fig. 7. It can be seen
)% /\>< ) from these figures that there is excellent agreement between
A L —1 \\ o & Pack’s theory® and the present results when V;,=0. The
0 10 »e relative values of the primary wavelength A and the coefficient

Fig. 8 Effect of swirl on total sound power (M, =14, y = 1.4).

corresponds to the situation of most practical interest. If
P./Po 1s fixed, then the velocity Q; on the jet boundary will
remain constant. Therefore, as the swirl level rises, the axial
velocity w,; falls, as can be seen from Eq. (10). Ultimately,
when the swirl level is sufficiently high, w,, reaches the value
w,, and the pressure difference at nozzle exit becomes zero.
Under these conditions, the shock cells are presumably com-
pletely eliminated. This suggests that swirl has potential as a
method for suppressing shock-cell noise.

Numerical results have been obtained for two families of
swirl distributions at the nozzle exit. The first of these is
defined as

V,=0:0<{<

V=8 =)V /(1=¥): sr<i<1 (54)
where {=r;/R,. This represents a flow with a nonswirling
core of radius {¥*/R, surrounded by an annulus of swirling
flow. This type of flow could be produced by an annulus of
swirler blades and is termed® outer-biased swirling (OBS) flow.
The second type of swirl is defined as

V=V 8/82:0<¢ <,

Vo=V, /¢t <t< (55)

A quantifying the behavior at the logarithmic singularity are
given in Table 1 for the three types of swirling flow.

These values of 4/4, and A/A, were used in Eqs. (43),
(46), and (52) to make estimates of the effect of swirl on the
total sound power of shock-associated noise. These results are
shown in Fig. 8. Computations were made using Eq. (10.15) of
Ref. 4 to determine the change in peak radiation angle 6,
when W,, is reduced due to swirl with A kept approximately
constant. As can be seen from Table 1, 6, does not change
significantly with swirl. For the purposes of calculating a,/a,,
it was assumed that within the jet y = 1.3 and the stagnation
temperature is 1100 K, while in the ambient medium y=1.4
and the temperature is 290 K. This corresponds roughly to the
takeoff conditions of an SST like the Concorde. Also plotted
in Fig. 8 are estimates of the effect of swirl on specific thrust,
calculated using methods described in Refs. 7, 8, and 10. The
variation of the peak frequency f, given by Eq. (53) with swirl
is shown in Table 1.

It can be seen from Fig. 8 that in the OBS case for a 1%
thrust loss the sound power is reduced to 19% of its nonswirl
value. A thrust loss of 1.6% completely eliminates shock-cell
noise. These estimates could well be conservative since Smith*3
has published schlieren photographs showing that, at mod-
erate swirl levels, the number of visible shock cells is reduced
from six to three. This is probably because of increased
turbulent mixing. As well as reducing the shock-cell noise
below the present estimates, this reduction in the number of
cells should also cause the noise spectra to be more sharply
peaked.

V. Conclusions

1) A linearized theory for inviscid supersonic swirling jets
has been developed. A simple expression has been derived for
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the wavelength of the primary shock cell in a jet with arbitrary
initial swirl. Computed jet boundaries and the corresponding
distributions of normal velocity are presented.

2) The linearized theory, together with the theory of Howe
and Ffowcs Williams for shock-associated noise, is used to
make estimates of the effect of swirl on the total radiated
sound power of shock-associated noise.

3) It is found that for a certain type of swirl shock-associ-
ated noise may be greatly reduced, or even eliminated, for a
sufficiently high swirl level. This could be achieved for a very
small thrust loss. This suggests that swirl has potential as a
method for suppressing shock-cell noise.
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